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What is a Josephson Junction (JJ)?
• A JJ is a “Sandwich” consisting of two superconductors 

with a non-superconductor in between.

• Current below a certain critical value, IC , can flow 
through the JJ without resistance. For currents above 
this value there is a voltage drop across the JJ.

• The behavior of a JJ can be described by the phase 
difference, � , between the wave functions of the two 
superconductors. The super-current through the JJ, ISC,

obeys the equation 

while the voltage across the JJ is

• The JJ also has some capacitance, so by viewing the 
junction as an ideal JJ in parallel with a resistor and a 
capacitor we find that � obeys
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The Tilted Washboard Potential

• The above differential equation is of the same form as the equation of motion of a mass with 
“position” � which moves in the presence of a damping force proportional to its speed and a 
potential energy: 

IB = 0

IB = IC / 2

IB = IC

Viscous Medium

Quantum Tunneling

• Quantum Mechanics tells us that if the particle is trapped in one of the minima of the tilted 
washboard, it can nonetheless tunnel through the potential barrier, causing a voltage to appear.

Classically, the particle is trapped here 
unless it is given enough energy to go 
over the barrier…

…but it can end up 
here by quantum 
tunneling

• In fact, this is an example of macroscopic quantum tunneling, since the correlated electrons in the 
superconductors can be thought of as one large “molecule” which traverses the junction. The 
tunneling of � results in a phase slip (a sudden change of � by 2� ) which is observed as a voltage 
spike, since V is proportional to d� /dt.

Coupling JJ to Mechanical Oscillator

• We are studying what happens to the JJ when we connect it in parallel to an AlN dilatational 
resonator. 

• The resonator consists of a piezoelectric crystal between two pieces of metal. The crystal 
produces a voltage when compressed, and it is compressed when there is a voltage across it.

• It behaves like a simple harmonic oscillator with a natural frequency of GHz order.

Voltmeter reads 0

crystal not compressed crystal compressed

Voltmeter gives 
nonzero reading

• It has been proposed that qubits (quantum bits) can be made from JJ-resonator pairs.
• Quantum computers may one day be based on these devices in the same way that modern 

computers are based on transistors.
• We need to know more about the behavior of these devices to use them for practical purposes.

Why are we studying Josephson Junctions coupled to Mechanical Resonators?

Form of the Potential Energy
• If we approximate a minimum of the tilted washboard as a parabola, we can consider the JJ to be 

a harmonic oscillator, and the JJ-resonator pair to be coupled harmonic oscillators.

• Previous researchers have found that the coupling term in the potential energy should be 
proportional to the “coordinate” of the JJ and the “velocity” of the Resonator.
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Tunneling Rate
• The approximation of the potential as a parabola was useful previously for our calculations of �� 2�

(the “width” of the oscillator’s wave function), but there can be no tunneling out of a parabola. 
Therefore, we used a cubic approximation of the potential to calculate the tunneling rate.

• In order to include the damping of the surroundings on both the JJ and resonator we modeled the 
environment as a large “bath” of harmonic oscillators coupled to the JJ and resonator (with 
different coupling strengths).

• We used Feynman’s path integral approach to quantum mechanics and a semi-classical 
perturbation technique (for weak damping and coupling) to calculate the tunneling rate of the JJ. 
Our calculations were done in the zero temperature limit.

The tunneling rate is given by:

Attempt rate
(i.e. how often the 
particle tries to tunnel)

probability of tunneling 
per unit time

probability of tunneling 
in one attempt

JJ damping constant resonator damping constant

• We found that the expression for the tunneling rate of the damped resonator-coupled JJ can be 
written as

where:
� � 0 is the tunneling rate for the JJ uncoupled to the resonator and without damping. 
� S0 is the classical action of the JJ with no resonator coupling and no damping
� � S is the perturbation of the JJ action due to the resonator coupling and damping

• In order to appreciate the dependence of the tunneling rate on these parameters we made graphs 
of � / � 0 versus various sets of these parameters.

Results

Attempt rate

tunneling probability

This term is a famous result found 
by Caldeira and Leggett in 1983 –
the effect of damping on the JJ 
tunneling rate.

This is the additional term we found 
– the effect of coupling the JJ to a 
resonator, and the effect of 
damping the resonator

Tunneling Rate versus Coupling
• Below are graphs of the tunneling rate vs. resonator frequency and coupling strength

• Note that the attempt rate has the opposite behavior of the tunneling probability, but the latter wins 
out.
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Tunneling Rate versus Damping
• Below are graphs of the tunneling rate vs. damping of the resonator and damping of the JJ.
• The graph on the left is for half the coupling strength as the right graph

• We see that damping the JJ causes the tunneling rate to decrease, while damping the resonator 
causes it to increase.

• Also, the effect of the resonator damping is more pronounced for larger values of the resonator-JJ 
coupling strength, as would be expected.
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Does this make any sense?
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• If we think of the JJ as a mass on a spring then perhaps it makes sense that increasing the 
coupling strength between it and another oscillator decreases its amplitude, since this means that 
the coupling spring gets stiffer. This effect is even more evident when the resonator frequency is 
small, since this corresponds to a large resonator mass (more inertia).

• Damping the JJ decreases the “amplitude” - think of friction. Damping the resonator reduces the 
effect of coupling.

• �p2� behaves in the opposite manner as �� 2� by the uncertainty principle.
• The attempt rate has the same behavior as �p2� since increasing the JJ’s “speed” causes the 

“particle” to impinge on the potential barrier more often.
• The tunneling probability has the same behavior as �� 2� since compressing the wave function 

causes less of it to “leak out” past the potential barrier (see below).

We can get a feeling for the probability 
of tunneling by seeing how much of the 
wave function that sticks out past the 
potential barrier.
If the wave function is compressed, 
then there is a smaller chance of 
tunneling.
Thus the tunneling probability has the 
same behavior as �� 2� .
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Heuristic Argument:

� The fact that coupling a resonator to the Josephson junction suppresses the tunneling rate is 
significant, because a low tunneling rate is crucial for the operation of quantum bits.

Possible Extensions of this Work
• Resonance effect on tunneling rate in presence of AC drive force.
• Special limit – overdamped JJ.

• Quartic potential energy for JJ – closer approximation to tilted washboard, and possible resonance 
effect on tunneling rate due to discrete energy levels in the lower well.
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quadratic 
approximation)


